Single-differential, partial, and total ionization cross sections for the proton-hydrogen atom collision system in the energy region of 0.1-10 keV/u are determined by using the molecular-orbital close-coupling method within a semiclassical formalism. The present cross sections are in an excellent agreement with the recent experiments of Shah et al. ͓J. Phys. B. 31, L757 ͑1998͔͒, but decrease more rapidly than the cross sections measured by Pieksma et al. ͓Phys. Rev. Lett. 73, 46 ͑1994͔͒ with decreasing energy. The numerical data for all calculated cross sections are included in this paper. A critical evaluation of the existing data for the ionization process in the keV energy range is performed both for the experiment and theory. The recommended data are obtained from a converged closecoupling expansion, which in total includes 362 bound and continuum channels with their wave functions augmented by the electron translation factor in order to insure the correct scattering boundary condition.
Introduction
Proton impact ionization from various atoms and molecules has attracted many researchers over many years since it serves as an important and challenging problem in atomic physics. It is one of the most fundamental processes in various applications such as fusion reactors ͑plasma edge processes, cooling rate estimates͒, radiation damage in biological matters ͑including cancer treatment͒, energy loss of heavy ions in solid targets, and ion-beam technologies ͑etch-ing, thin-film manufacturing͒.
There has been a vast amount of effect directed at the full understanding of the emissions during ion-atom collisions both from the experimental and theoretical perspectives. Several publications have provided a partial overview of these studies. [1] [2] [3] [4] [5] Yet, our understanding of even the basic prototype ion-atom collision system, proton on hydrogen atom, is not completely satisfactory, especially at low energies below a few keV. At keV energies, the total ionization cross sections measured in the experiment of Pieksma et al. Fig. 1 together with other rigorous theoretical contributions over the years. Detailed discussions on these studies are provided in the following paragraphs.
Describing the ionization process correctly with high precision, probabilities of other concurrent processes, in particular elastic scattering, target excitation, and electron capture to the projectile should be considered simultaneously in low-tointermediate collision energies. It is not possible to describe one process accurately without treating all on equal footing since the ionization is strongly intertwined with other inelastic and elastic processes. Because proton-hydrogen atom interactions are known to be relatively weak, and also many channels couple closely, computing high accuracy cross sections for ionization of this collision system requires us to include a huge number of channels carefully, and remains one of the difficult and challenging problems in collision physics.
There is a series of theoretical and experimental works to obtain accurate ionization cross sections, based on a variety of approaches. In theory, the methods commonly used include the molecular orbital close coupling method ͑MOCC͒, or atomic orbital close coupling ͑AOCC͒, the perturbative method, and the classical trajectory Monte Carlo method ͑CTMC͒, and some of the most recent ones are cited below. Even among extensive and reliable theoretical investigations particularly based on the close coupling scheme, discrepancies of ambiguous origin arise in the energy dependence and magnitude below the intermediate energy. A study based on the MOCC includes SethuRaman et al., 13 and Thorson and his co-workers, 14, 15 and those by using the various types of the AOCC are Winter and Lin, 16 McLaughlin et al., 17 Fritsch and Lin, 18 and other authors. 11, 12 Most recently, a study based on the two-center AOCC approach was carried out by Toshima, 10 who calculated ionization cross sections for collision energy 1-800 keV/u, obtaining results 20% higher than the experiments of Shah et al. 8, 9 at the ionization cross section peak. Two recent calculations by Kolakowska and Sidky 11, 12 agree well with Toshima 10 and Shah's et al. experiment 7 at energies 4 -10 keV/u, but decrease more rapidly than those by Shah et al. 7 below 4 keV/u. Two different types of the hidden crossing calculation, i.e., the inclusion or neglect of radial decoupling mechanism were performed, and corresponding two results based on the approach of Ovchinnikov and Macek 19 were found to be largely different. 6, 20 The result obtained by the neglect of the decoupling mechanism is found to provide good agreement with Shah et al. 7 The present formalism builds on evaluating measurable quantities in the real coordinate space. We therefore directly compute bound-and continuum-state wave functions, radial and angular couplings among all states involved, and solve the dynamics in the molecular-state basis. [21] [22] [23] [24] [25] In the experiment, the proton-hydrogen atom system is the simplest ion-atom system but yet one of the most difficult ones to be studied for a number of reasons including the difficulty of producing pure hydrogen atoms. A few experimental references are: Pieksma et al., 6 Shah et al., 7 Fite et al., 26 but as described above, a serious discrepancy exists between the most recent measurements.
It can be seen in Fig. 1 that the experimental results are only in a very rough general accord. Therefore reliable theoretical values must play an important role for recommending the set of cross sections that is to be used in applications and also the method that describes the dynamics of ionizing collisions best. Nevertheless, for such purpose the previous theoretical calculations differ even to a higher extent than the experimental data. This can be seen in Fig. 1͑a͒ at low keV energy, whether it is the difference between the hiddencrossing calculations with and without the radial decoupling promotion mechanism 6, 20 or the difference between the close-coupling calculations based on the two-center 10 versus the three-center 7 expansion. In addition, it is important to note that the hidden-crossing method relies on the complex coordinate and analytical continuation, and therefore the evaluation of measurable quantities such as differential ion- 
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ization cross sections or spatial probability distributions of the electron during the collision is not straightforward. The present method, in contrast, provides for all of these quantities before the total ionization cross sections are calculated.
Because of the uncertainty on the ionization cross section values below a few keV/u, both in theory and experiments as summarized above, we have undertaken the project to calculate the differential ionization cross sections ͑DICSs͒ and the total ionization cross sections ͑TICSs͒ for ionization of atomic hydrogen by proton impact at the low collision energy range 0.1-10 keV/u. In addition, charge transfer and excitation channels were also considered. Electron transfer factor ͑ETF͒ has been included to ensure correct scattering boundary conditions. All results obtained are given both in tabular and graphical forms.
Theoretical Method

Molecular Orbital Coupled Equations
Let us assume the internuclear distance between proton and hydrogen to be described classically by a vector R(t), and solve the resulting time-dependent Schorödinger equation for the electron system with Hamiltonian H el , i͑h/2 ͒ ‫ץ‬ ‫ץ‬t ⌿͑r,t ͒ϭH el "r,R͑t ͒…⌿͑ r,t ͒. ͑1͒
We expand the state vector ⌿ in an ETF-modified molecular basis set, and integrate over electron coordinates r. Then for the expansion coefficients a n (t) in the MOCC method one obtains the coupled equations ͑up to the first order in velocity v͒
͑2͒
with ⍜ϭЄ͑v,R͒, where the usual coupling terms P
are corrected by the radial and angular ETF terms A kn R ϭim/͑h/2 ͒͑ ⑀ k Ϫ⑀ n ͒͗ k ͉z f n ͑ r;R͉͒ n ͘,
͑5͒
A kn ϭim/͑h/2 ͒͑ ⑀ k Ϫ⑀ n ͒͗ k ͉x f n ͑ r;R͉͒ n ͘.
͑6͒
Here, m is the reduced electron mass, L is the electronic orbital angular momentum, and rϭ(x,y,z), with z being parallel to R. The switching functions f n (r;R) which describe the correlation of electron motion on nuclei, in general, depend on the molecular-state wave function n (r;R). We have employed the switching function derived by Thorson et al. 22 for the H 2 ϩ system, based on the analytical twocenter decomposition of exact wave functions. All these coupling matrix elements are evaluated using Gauss-Legendre and Gauss-Laguerre quadratures with relative errors р1ϫ10 Ϫ8 . Before moving on to solve the close-coupled Eqs. ͑2͒, a few important comments associated with the ETF's modified molecular orbital expansion approach need to be discussed. This is the non-Hermitian Hamiltonian matrix ͑PϩA͒ in Eq. ͑2͒. In any calculation, we need to replace the full Hilbert space spanned by the true discrete and continuum states with a truncated subspace. As a result, certain operators in the equations of motion cannot be fully represented, and unless great care is taken they may not even be accurately represented within the truncated subspace. This is true in particular for the propagator itself. Thus, a theory should consider the flux loss from the truncated subspace, and then, in contrast with the exact close-coupled equations, the closecoupled equations for the wave function in the truncated subspace are necessarily nonunitary, i.e., they should not conserve probabilities. Our locally non-Hermitian Hamiltonian matrix ͑PϩA͒ allows us to consider the escape of electrons from the subspace spanned by the truncated basis. Importantly, the flux loss effects decrease with the basis size increase, and the probability conservation is satisfied approximately on a sufficiently large basis set. By implementing the ETFs, the basis sets of relatively small size can be considered as complete with sufficient accuracy. In the present study, we find the probability conservation is better than 1ϫ10
Ϫ3 with a basis set including ten bound states and 11 continuum partial waves.
Two Coulomb Center Functions
Next, we briefly summarize the computation of matrix elements in Eqs. ͑3͒-͑6͒. H 2 ϩ is a prototype one-electron twonuclei system, which is separable in the conventional prolate spheroidal coordinates, rϭ͑,,͒, and the corresponding eigenvalues ⑀ k and wave functions k (r;R) can be calculated with great numerical accuracy. 28 -34 The wave function is factored out
where C k (R) is a normalization constant, and functions ⌳ k (,R) and M k (,R) describe the quasiradial and quasiangular motions of electron, respectively. The index labels the component of electronic angular momentum on the R axis. The letter k stands for the three quantum numbers E, , and A ͑A is equivalent to the orbital angular momentum for Rϭ0). The one dimensional wave functions in Eq. ͑7͒ are found in semianalytical forms, and the coupling terms in Eqs. ͑3͒-͑6͒ are then readily computed. Details of the method can be found in Refs. 28 -34 and have been summarized in Appendices A and B.
The state vector ⌿ in Eq. ͑1͒ is composed of noninteracting g ͑gerade͒ and u ͑ungerade͒ components, and thus there are corresponding sets of g and u close-coupled Eqs. ͑2͒. If index ''1'' designates the initial states in each set (1s g or 2 p u , respectively͒, then the initial conditions for Eqs. ͑2͒ ͑corresponding to ''proton A plus atom B''͒ is
and ͑for given energy E and each impact parameter b͒ the final-state amplitude a k (E,b) is computed. Once the finalstate amplitude a k (tϭϩϱ) is obtained, we can define the probability of excitation/or ionization to the molecular state k as
and the corresponding individual cross section reads
͑10͒
In ionization problems, Q k (E) is the partial ionization cross section, labeled by ⑀, , and . Hence the differential ionization cross section is determined by summing Q(⑀,,;E) over quantum numbers ,
Q͑⑀,,;E ͒ ͑11͒
and the total ionization cross section
is obtained by integrating the energy distribution of ejected electrons.
Results and Discussion
Basis Sets and Convergence
To compute the ionization cross sections, we have carried out systematic calculations with basis sets A, B, and C, as listed in Table 1 . Comparing the numerical results with different basis sets allows us to study the convergence of ionization cross sections with the basis size. In addition, some selected calculation have been done on the ungerade component of basis set C without 2p u ͑set D͒ to understand the role of upper levels in the ionization dynamics. The continuum component is common in the basis sets A ͑direct ionization͒, B, C ͑indirect ionization͒, and D ͑reference basis set͒, which contains 32 energies below 1.0 Ry for each partial wave; then the total continuum states are accounted for up to 352. Within the straight-line approximation, we have solved the coupled differential equations, Eq. ͑2͒, for 100 impact parameters arranged in ͑0.0-6.0͒ a.u. at 32 collision energies from 0.1 to 10 keV/u. The results shown below were obtained by using the basis set C.
The energy of ejected electrons is explicitly included in the equations of motion via the coupling terms in Eq. ͑2͒, while the total ionization cross section requires a formal integration over the whole continuum. Therefore, we need to revert to a discrete sampling scheme as described further. Our study and also previous works in the literature 15, 34 find the couplings with continuum states to be generally weak, and the full close-coupled Eqs. ͑2͒ can be partitioned into separate groups. Each group contains the strongly coupled symmetry allowed discrete states ͑cf. Table 1͒ and several partial waves for continuum electron with the same energy; these are coupled by weak radial or angular interactions. Truncation in the partial wave expansion of the continuum electron is based on a rapid decrease of the couplings with the increasing angular momentum number ͑ϳ3 orders of magnitude for ejected electron with lϭ5). Next, we calculate the differential ionization cross sections at a certain set of separate energy points, interpolate these with B splines, and finally integrate the spline function over the whole continuum analytically. Thus the convergence in the number of continuum states can be controlled through the convergence of B-spline interpolation. Ionization cross sections decrease rapidly with the ejected electron energy increase, and the necessary number of interpolation points derives from the number of B-spline terms which can accurately represent this function shape. Logarithm equally spaced mesh points of ejected electron energy were conveniently used in our calculation. The differential cross sections already vary smoothly with free electron energies on the 32 point grid. Figure 1 shows the present TICSs along with some earlier theoretical and experimental results. The present MOCC results are found to agree better with Shah et al. 7 below 10 keV/u. The present results are smaller than those of the triple-center AOCC calculations, although they exhibit closer agreement at collision energies lower than 1.5 keV/u. The hidden-crossing calculation including S and T promotions and the radial decoupling mechanism is about 30% larger than the present results at 10 keV/u. Their cross section decreases more slowly with the decreasing energy, and thus at 1 keV/u the difference from our calculations is as high as a factor of 6. Yet, the present values are in better agreement 
Total Ionization Cross Sections "TICS…
͉⑀s g ͘ ͉⑀ p u ͘, ͉⑀ p u ͘ ͉⑀d g ͘, ͉⑀d g ͘ ͉⑀ f u ͘, ͉⑀ f u ͘ ͉⑀g g ͘, ͉⑀g g ͘ ͉⑀h u ͘,
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with the hidden-crossing method including S and T promotions, with the discrepancies better than 30% in all energies. Below 2 keV/u, however, the hidden-crossing results decrease faster, and correspondingly, those cross sections are by a factor of 2 smaller than the present results at 1 keV/u. The present results agree well with the two-center AOCC result of Toshima. 10 In the energy range from 4 -10 keV/u, however, the cross sections by Toshima become smaller than the present results and sharply decrease below 4 keV/u. The present results are also compared with the measurements of Pieksma et al., 6 and Shah et al. 7 Our results are found to be 25% below the measured results of Pieksma et al. 6 at 6 keV/u, and decrease more rapidly with the decreasing energy, the discrepancies being up to a factor of 6 at the lowest collision energy of 1 keV/u considered. However, our results are in excellent agreement with the recent experimental data of Shah et al., 7 since they lie within the experimental error bars in the entire energy range considered.
The numerical results for total ionization cross sections are given in Table 2 . Figure 2 illustrates the partial cross sections for different partial waves of ejected electron, and the related numerical data are summarized in Table 3 .
Partial Cross Sections
In particular, Fig. 2 shows the distribution of partial ionization cross sections which are integrated over the ejected electron energy in the interval ͑0,1͒ Ry. The partial ionization cross sections as a function of collision energy represent our statement that the ionization is significant only in two or three (l,m) channels either for g components or for u components. In case of g components, s, d and d are the important channels below 4 keV/amu, but the partial ionization cross section of s increases much more rapidly than the other two, and exceeds them by order of magnitude at E ϭ10 keV/u. The channels p, p, and f are important in the case of u components, and the partial ionization cross section of p is much greater than those of other channels except EϽ2 keV/u, where the cross section of p is the largest one. However, the distribution of ejected electrons over partial waves depends on the energy of free electron significantly, which is illustrated in Fig. 3 by the partial ionization cross sections for one fixed energy of the ejected electron, ⑀ϭ0.01 Ry. In this particular case, the ionization in u components is dominated by p and p channels and their contributions are almost the same at the highest energy considered, 10 keV/u.
Differential Ionization Cross Sections "DICS…
In addition to the accurate integral ionization cross sections ͑cf. Fig. 1͒ obtained presently, in Fig. 4 we give the single DICSs as a function of ejected electron energy ⑀ and collision energy E. Cross sections of g and u components are shown in the upper ͑a͒ and lower ͑b͒ parts, respectively. Ionization cross section decreases rapidly with the final electron energy increasing and collision energy decreasing. Ionization is significant only when the collision energy E is above 3 keV/u for g components and 1 keV/u for u components. At the collision energy Eϭ10 keV/u, the differential cross sections of ⑀ϭ0.01 Ry is about 2 orders of magnitude greater than that of ⑀ϭ1.0 Ry. Differential cross section d/d⑀ of u components is about 1 order of magnitude greater than that of g components at their maxima. We have projected the differential cross sections d/d⑀ on the bottom plane in this figure. There is a region in the two projections in which for a constant d/d⑀ the ratio of ⑀/E is a constant. It shows that a small group of electrons gains energies from incident protons FIG. 2. Partial ionization cross sections ͑integrated over the ejected electron energy͒ as a function of the collision energy E for the 11 partial waves: ͑a͒ g components and ͑b͒ u components. in a single impulse, and comes out with a large excess energy. Such a process is analogous to electron capture to continuum in which the projectile transfers a part of its kinetic energy to the target in a constant rate and results free electron with e ϳV p . The ejected electron distributions of the g and u components are shown in Fig. 5 , as a function of ejected electron velocity, e , and impact parameter, b, at the fixed collision energy of 10 keV/u. The g and u components are shown in the upper ͑a͒ and lower ͑b͒ parts, respectively. We can see that the electron distributions tend to peak near e ϳV p /2, i.e., the saddle point electron, but there is no linear relationship to V p for electron velocity e at the peak. Therefore, the maxima of ionization probabilities cannot be regarded as a saddle-point electron emission. Tables 4 -35 show the differential cross section data as a Figure 6 shows the cross sections of charge transfer and target excitation along with some earlier theoretical and experimental results. Our results are in good agreement with the experimental results and other rigorous calculations below 6 keV/u. The agreement became less satisfactory as the energy increases above 10 keV/u. Above 10 keV/u, the higher-order corrections of the ETF's become important, and additional discrete states need to be included in the MOCC calculations since there is a uniform increase in the number of weakly coupled channels.
Charge Transfer and Target Excitation
Data Evaluation
In the following, we will briefly discuss the differences between the experimental data, especially those that arise in measurements by Shah et al. 7 and Pieksma et al., 6 and also the major disagreements of theoretical calculations. An absolute agreement of the present calculations with the measurements of Shah et al. 7 is stated here.
Experimental Data
The disagreement between the experimental measurements by Pieksma et al. 6 and Shah et al. 7 is likely to be due to the very different schemes employed by these authors. A crossed-beam method incorporating time-of-flight analysis and coincidence counting of the collision products were used by Shah et al. 7 Their cross sections obtained in the energy range 1.25-1500 keV/u were declared with very small experimental uncertainties. In these experiments, a momentumanalyzed beam of protons from an accelerator adjustable in energy ͑1.25-1500͒ keV/u was arranged to intersect ͑at right angles͒ in a high vacuum region a thermal energy beam of highly dissociated hydrogen. Slow ions and electrons formed as collision products in the crossed beam region were extracted by transverse electric field and separately counted by particle multipliers. Product H ϩ ions arising from collisions with H 2 or other background gas species were recognized by their characteristic times of flight to multiplier. The required H ϩ ions from the ionization process could be distinguished from those arising from the charge transfer process by counting the H ϩ ions with the electrons from the same ionizing events.
Experimental studies by Pieksma et al., 6 on the other hand, focused especially on the identification of saddle-point electrons which are to have a half of the collision velocity in the asymptotic space region. They also produced total ionization cross sections at ͑1-6͒ keV/u, which were found to follow such characteristic dependence on the collision velocity near the very threshold. In the experiments by Pieksma et al., 6 a pulsed stabilized proton beam was crossed with a partially dissociated thermal hydrogen beam produced by a rf discharge source. Electrons were detected by means of a magnetic time-of-flight ͑TOF͒ spectrometer, which could collect the electrons ejected in the forward hemisphere as long as the approximate transmission condition k sin р0.42 a.u. was satisfied. Here k is the electron velocity and is the ejection angle with respect to the symmetry axis of the spectrometer. The rf source Pieksma et al. 6 used was causing a severe background of slow electrons appearing as a constant term in the recorded TOF distributions, a problem which was dealt with by subtracting the TOF measured with the rf source switched off. However, a complete suppression was considered to be impossible by Pieksma et al. 6 Further, the difference spectrum was also to be corrected for the constant background of uncorrelated rf source electrons. In addition, the electron spectrum of ionizing H ϩ -H 2 collisions also had to be corrected for. The total ionization cross sections were then obtained by integration over the ejected electron velocity. This resulted in cross sections two times higher than that of Shah et al. 7 at 6 keV/amu, which also decrease much more rapidly with energy decreasing. The discrepancy between the values of Pieksma et al. 6 and Shah et al. 7 are as large as the factor of ϳ6 at the lowest energy considered ͑1 keV/amu͒.
In summary, the measured data from Shah et al. 7 should be recommended for the total ionization cross section because in their experiments all electrons and ions were extracted by very reliable methods. Pieksma et al., 6 on the other hand, accurately measured especially the electron velocity distributions. Therefore their low-energy total ionization cross sections are very small-subtracting the background rf electrons from the total signal in this region causes a big problem due to the minor number of electrons produced by the proton-impact ionization.
Theoretical Data
In order to compare theoretical results for the total ionization cross sections of the proton-hydrogen system, refer again to Fig. 1͑b͒ , in which various calculations are compared for a broader energy range ͑0.1-1000͒ keV/amu. Here, the TICS values from Toshima 10 are 20% higher than the experimental values of Shah et al. 8, 9 around E ϭ100 keV/amu, yet they are in a good agreement in the high energy region. Triple-center close-coupling calculations 7, 17 predicted the cross sections at low to intermediate energies to be larger than the high-accuracy measurement data 7, 8 up to a factor of 2, and they decrease much faster at collision energies above 50 keV/amu. They are also found to oscillate with collision energies. The continuum distorted wave eikonal initial state ͑CDW-EIS͒ approximation, is a high energy theory by Crothers and McCann. 35 The CDW-EIS calculated cross sections are in a good agreement with the measurements by Shah et al. 8, 9 for energies above 25 keV/amu. All the above theories predicted TICSs decreasing much more rapidly than our results and the experimental data 7 below 1.5 keV/amu. Within the entire energy region dealt with in the present 
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work, the only consistent agreement between experiment and theory within the measurement error bars is that of the data by Shah et al. 7 and the present results.
Conclusion
We have computed single-differential, partial, and total ionization cross sections for the proton-hydrogen atom collision system in the energy region of 0.1-10 keV/u. All data are included in numerical and graphical form with this paper.
In a series of tables, we present single differential ionization cross sections resolved with respect to electron angular momentum, energy of the ejected electron, and collision energy of the nuclei. It is found that the upper electronic levels promote ionization for g components, while in the case of u components the upper levels behave as trap for the ionization flux to continuum, especially the excitation to 2p u state. The present cross sections are in excellent agreement with the recent experiments of Shah et al. 7 but decrease more rapidly than the cross sections measured by Pieksma et al. 6 with decreasing energy. The numerical data for all cross section- spresented here were obtained with a semiclassical molecular-orbital close-coupling method using the electron translation factor. This method provides all measurable quantities in the real coordinate space before the total ionization cross sections can be finally calculated. Previous experimental and theoretical methods were critically evaluated throughout the manuscript, especially in Sec. 4. For the total ionization cross sections, the data by Shah et al. 7 are recommended. Experimental data reported by Pieksma et al. 6 provide valuable insight, especially into the velocity distributions of ionized electrons. Hidden-crossing calculations yield different results based on the promotion mechanisms considered. Also the previous close-coupling calculations differed based on the number of expansion centers and did not exhibit a fully satisfactory agreement with the experiments. Within the energy region of 100-10 keV/u considered here, the only consistent agreement between experiment and theory until present is that of the data by Shah et al. 7 and our results. The state-resolved differential cross sections are reported for the first time, in this detail. 
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Appendix A: One-Electron Diatomic-Molecule Orbitals
The Hamiltonian of one electron moving in the field of two fixed charges Z A and Z B is given as In the prolate spheroidal coordinates, the corresponding Schrödinger equation is separable, and we obtain for the wave function components
where c is the energy parameter, i.e., ⑀ϭϪ2c 2 /R 2 ͑discrete state͒ or ⑀ϭ2c 2 /R 2 ͑continuum state͒, Z ϩ and Z Ϫ are charge parameters given by Z ϩ ϭZ B ϩZ A and Z Ϫ ϭZ B ϪZ A . Here 
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and A are the separation constants. The solution of Eq. ͑A2͒ gives ⍀()ϭexp(i)/ͱ͕2͖. Finally, the electronic boundand continuum-state wave function k ͑ r;R ͒ϭ k ͑ ,,;R ͒ can be factorized and written as
where C k (R) is the normalization constant, and functions X k (,R) and Y k (,R) describe the quasiradial and quasiangular motions of electron, respectively. The index labels the component of electronic angular momentum on the R axis. Several methods have been developed through the years which can treat these kinds of differential equations ͑A2͒, ͑A3͒, and ͑A4͒ in which the separation constant A and energy constant c are R dependent. 28 -34 The bound state wave functions both X(,R) and Y (,R) can be expanded in a suitable power series ͑there are several possibilities, 31, 32 e.g., obtaining recursion relations for the coefficients and solving them by matrix or infinite continued fraction methods͒. In the present study, the radial wave function X(,R) is expanded in
and the angular wave function Y (,R) is expanded in
͑A7͒
Here P l () denotes the associated Legendre polynomials.
The obtained three term recursion relations for g t and d l are then solved by the infinite continued fraction method. Using this method it was possible to obtain the potential curves with accuracy better than ten significant digits. To compute the electronic wave functions and couplings simply, the function Y (,R) is written as 
͑A8͒
The same procedure can be used to calculate the separation constant and the angular wave function for the continuum states. However, the radial part must be calculated numerically. Integration starts from ϭ1 with ͉⌳(ϭ1,R)͉Ͻϩϱ to a sufficient larger value of max , where X(,R) accurately matches the asymptotic boundary condition
and ␦ is the phase shift for the radial function. Let us note that A represents the eigenvalue of the constant of separation, which comes from the additional symmetry in the two-center Coulomb system. The system with this degree of symmetry is described by the invariant operator Â 
where L is the orbital angular momentum of the electron. At the united-atom limit Rϭ0, Â reduces to ϪL 2 , and the corresponding eigenvalue is therefore AϭϪ(ϩ1).
Summarizing, the one electron diatomic orbitals are labeled by two more quantum numbers , , in addition to energy. Bound states are denoted (n;r,R), with energy eigenvalues ⑀(n;R)Ͻ0, and continuum states ͑⑀;r,R͒ with continuous eigenvalues ⑀Ͼ0. At each value of R, these wave functions must satisfy the conventional orthogonality relations ͗͑nЈЈЈ;R͉͒͑n;R͒͘ϭ␦ nn Ј ␦ Ј ␦ Ј , ͗͑⑀ЈЈЈ;R͉͒͑n;R͒͘ϭ0, ͑A10͒ 
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͗͑⑀ЈЈЈ;R͉͒͑⑀;R͒͘ϭ␦͑⑀ЈϪ⑀͒␦ Ј ␦ Ј .
The prolate spheroidal quantum numbers , are analogous to spherical polar quantum number l, m. Numerical calculations show that the orthogonality relations are satisfied better than eight significant digits for Rр40 for the wave functions used in our calculation.
Appendix B: Separation of Angular Couplings
Let us show the separation of angular couplings in molecular orbital ͑MO͒ expansion, by transforming the coordinate system from a space-fixed coordinate system to a molecular-rotating coordinate system. 2, 21 Let rϭ(x,y,z) be the coordinate of electron in the space-fixed frame, while rЈϭ(xЈ,yЈ,zЈ) denotes the same vector in the rotating molecular frame. The relation between these two is then given by xЈϭx cos ⍜ cos ⌽ϩy cos ⍜ sin ⌽Ϫz sin ⍜, ͑B1͒
yЈϭϪx sin ⌽ϩy cos ⌽, ͑B2͒
zЈϭx sin ⍜ cos ⌽ϩy sin ⍜ sin ⌽ϩz cos ⍜. ͑B3͒
Here ͑⍜,⌽͒ are the usual spherical polar angles of the vector R in the space-fixed frame. In the spherical polar coordinates, the gradient Ϫiٌ R ͑while keeping r fixed͒ can be written as
where e R , e ⍜ , and e ⌽ are the unit vectors of the spherical 
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polar system at R ͑they coincide with the zЈ, xЈ, and yЈ, respectively͒. Using Eqs. ͑B1͒-͑B3͒ the components of this operator can be rewritten
where L x Ј ,y Ј ,z Ј are the components of the electronic orbital angular momentum operator. The vector P is therefore expressed as
where 
The corresponding form for A is obtained simply by expressing the vector s in terms of its components on the xЈ, yЈ, zЈ axes:
Given the components of P and A by Eqs. ͑B9͒ and ͑B10͒, we can construct explicit solutions to the close-coupled equations for inelastic scattering in a finite manifold of molecular electronic states. The Schrödinger equation can be 
reduced to one-dimensional ͑radial͒ equations by using a partial wave expansion. The total wave function is written as
where M is the reduced mass of the nuclei. Then the partial wave expansion of nuclear wave function in symmetric-top eigenfunctions takes the form
Here, the electronic basis state k is the eigenstate of L z Ј with eigenvalue ⌳ k . The functions Y JM J ⌳ k satisfy the differential equations 
where J is the total angular momentum, M J its ͑laboratory frame͒ z-axis component, and ⌳ k is the body-fixed component. In this representation, the angular components of P and A by couple states k that have different ⌳ k but are diagonal in J, M J , and a system of coupled radial equations arises for each J, which may be written as
and
͑B17͒
The remainder of P ⌽ has been absorbed in the rotational kinetic energy. Q, which couples states with ⌳ values that differ by Ϯ1, is the angular or Coriolis coupling; D is diagonal in ⌳(⌳ k Ј ϭ⌳ k ) and represents a small correction to the rotation kinetic energy. Equation ͑B14͒ can be reduced to the conventional form 
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; open triangles, the double-center close-coupling calculations of Toshima 10 ; open circles, molecular orbital close-coupling calculations of Kimura et al. 25 ; solid diamonds, present calculations with basis set C. 
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